In this paper we propose a low-rank alternating direction implicit (ADI) method to solve projected generalized continuous-time Sylvester equations with low-rank right-hand sides. Such equations arise in control theory including the computation of inner products and 2 H norms, and the model reduction based on balanced truncation for descriptor systems. The requirements of this method are moderate with respect to both computational cost and memory. Numerical experiments presented in this paper show the effectiveness of the proposed method.
Introduction
In this paper we consider the projected generalized continuous-time Sylvester equation of the form (1) is referred to as the projected generalized continuous-time Lyapunov equation, which arises in stability analysis and control design problems for descriptor systems including the characterization of controllability and observability properties, balanced truncation model order reduction, determining the minimal and balanced realizations as well as computing 2 H and Hankel norms; see [2, 3, 4, 5] and the references therein. If the pencil DA   is c-stable, i.e., all its finite eigenvalues have negative real part, then the projected generalized Lyapunov equation has a unique solution for each , E and if, additionally, E is symmetric and positive semidefinite, then the solution X is symmetric and positive semidefinite, see, e.g., [6] for details. Recently, several numerical methods have been proposed in the literature for solving the projected generalized Lyapunov equation. In [7] , two direct methods, the generalized Bartels-Stewart method and the generalized Hammarling method, were proposed for the projected generalized Lyapunov equation. The generalized Hammarling method is designed to obtain the Cholesky factor of the solution. These proposed. Stykel [8] extended the ADI method to the projected equation. Another iterative method for the projected generalized Lyapunov equation is the modified generalized matrix sign function method [9] . Unlike the classical generalized matrix sign function method, the variant converges quadratically independent of the index of the underlying matrix pencil, see [9] for more details. The projected generalized continuous-time Sylvester equation (1) arises in some applications including the computation of inner products and 2 H norms, and the balanced truncation model reduction based on Sylvester equation for descriptor systems. It has been shown in [10] that the pencils DA
(1) has a unique solution.
In this paper, we propose a low-rank ADI method for solving the projected generalized Sylvester equation (1). This work presented here is an extension of [8] . Numerical experiments show the effectiveness of the proposed method.
Throughout this paper, we adopt the following notations. The square identity and zero matrices are denoted by I and 0 , respectively. The spaces of mn  real matrices are denoted by respectively. We shall also adopt MATLAB-like convention to access the entries of vectors and matrices. For a
consist of intersections of row k to row l and column i to column j , row k to row l , and column i to column j , respectively.
The remainder of the paper is organized as follows. In Section 2, we propose a low-rank alternating direction implicit method for the solution of equation (1). Section 3 is devoted to some numerical tests. Conclusion is given in the last section.
Alternating direction implicit method
We always assume that the pencils DA we get the following projected standard Sylvester equation
The iterates k X of the ADI iteration for (7) are usually generated by the alternating solution of two linear systems with multiple right-hand sides Continuous-Time Sylvester Equations 
About the ADI iteration, we have the following result. Theorem II.1. For all 0, k  the matrix k X defined by the ADI iteration satisfies the second equation in (7), i.e., 12 . 
Note that k X is explicitly computed by the ADI iteration (9), so the storage requirement is () O mn . One should notice that in many cases the storage requirement is the limiting factor rather than the amount of computation. We note that low-rank schemes are the only existing methods that can effectively solve large-scale Lyapunov/Sylvester equations. Assume that the low-rank right-hand side E has the factored form E FG  . Instead of explicitly forming the solution X , the low-rank method compute and store approximate solutions in low-rank factored form. If the numerical rank l of X is much smaller than
The key idea in the low-rank version of the ADI iteration is to rewrite the iteration k X in (9) as an outer product:
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This is always possible since starting with the initial guess 0 0 nm X   . The low-rank alternating direction implicit (LR-ADI) method is based on (9 [8] , we have the following iterative scheme
The agorithm is summarized as follows. 
Since the computation of the Weierstrass canonical form is sensitive under small perturbations, we should make use of the generalized real Schur factorization to compute the spectral projectors, see, for example, [7, 11] . For large-scale problems, the computation of the spectral projectors by the generalized real Schur factorization may be very expensive. However, in some applications the spectral projectors can be expressed in explicit form by using the special block structure of the matrices A , D , B and , C see numerical examples in this paper or the reference [9] .
If the number of shift parameters k is smaller than the number of iterations required to obtain a prescribed tolerance, then we reuse these parameters in a cyclic manner. For the computation of shift parameters, we refer to [8] .
Numerical experiments
In this section, we present a numerical example to illustrate the performance of the LR-ADI method for the projected generalized Sylvester equation (1). In the following example, we compare the numerical behavior of LR-ADI with MGSIGN [10] Table 2 clearly indicate that the LR-ADI method is more efficient than MGSIGN for this example according to the CPU time. 
Conclusion
In this paper, we have proposed the generalized low-rank alternating direction implicit method to solve the projected generalized Sylvester equations. Numerical experiments presented in this paper show the effectiveness of the proposed method.
